
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 89, NO. B7, PAGES 6329-6340, JULY 10, 1984 

Reflectance Spectroscopy' Quantitative Analysis Techniques 
for Remote Sensing Applications 

ROGER N. CLARK' AND TED L. ROUSH 

Planetary Geosciences Division, Hawaii Institute of Geophysics 
University of Hawaii 

Several methods for the analysis of remotely sensed reflectance data are compared, including empirical 
methods and scattering theories, both of which are important for solving remote sensing problems. The 
concept of the photon mean optical path length and the implications for use in modeling reflectance spec- 
tra are presented. It is shown that the mean optical path length in a particulate surface is in rough inverse 
proportion to the square root of the absorption coefficient. Thus, the stronger absorber a material is, the 
less photons will penetrate into the surface. The concept of apparent absorbance (-In reflectance) is pre- 
sented, and it is shown that absorption bands, which are Gaussian in shape when plotted as absorption 
coefficient (true absorbance) versus photon energy, are also Gaussians in apparent absorbance. However, 
the Gaussians in apparent absorbance have a smaller intensity and a width which is a factor of V'-2- larger. 
An apparent continuum in a reflectance spectrum is modeled as a mathematical function used to isolate a 
particular absorption feature for analysis. It is shown that a continuum should be removed by dividing it 
into the reflectance spectrum or subtracting it from the apparent absorbance and that the fitting of Gaus- 
sians to absorption features should be done using apparent absorbance versus photon energy. Kubelka- 
Munk theory is only valid for materials with small total absorption and for bihemispherical reflectance, 
which are rarely encountered in geologic remote sensing. It is shown that the recently advocated bidirec- 
tional reflectance theories have the potential for use in deriving mineral abundance from a reflectance 
spectrum. 

INTRODUCTION 

The use of remotely obtained spectra of planetary surfaces 
for geologic studies has increased dramatically in the last dec- 
ade. Spectral data have been used to identify minerals on the 
earth and on all the solid surfaces in the solar system as well as 
composition of atmospheres when present. The reflectance 
spectrum of a particulate surface is very complex, being 
affected by the number and type of materials present, their 
weight fractions, the grain size of each material, and the 
viewing geometry. Because of the complexity, adequate 
theories for predicting the light returned (scattered) from the 
surface have not been precise enough for all applications and 
conditions. Absorption bands due to electronic transitions, 
vibrational modes, charge transfer processes, and other pro- 
cesses [e.g., see Hunt, 1977] often allow a unique identifica- 
tion of the mineral to be made. However, relating a spectral 
feature identification to actual mineral abundance is difficult. 

Thus, the interpretations of reflectance spectra have been 
made by studying many types of spectra under different condi- 
tions such as differing grain sizes or mixtures of various mate- 
rials. This empirical method sometimes results in confusion of 
a particular interpretation for the nonexpert and even dis- 
agreement among the experts. 

Because the current theories have not been shown to be pre- 
cise enough for all conditions and applications, considerable 
effort has been undertaken to study many different conditions 
in the laboratory to derive empirical trends. The near future 
holds the promise of mapping spectroscopy, where a reflec- 
tance spectrum will be obtained of planetary surfaces at many 
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spatial points on the surface. Such techniques can easily 
produce millions of spectra. Since the scattering theories are 
complex, their use requires considerable computer time possi- 
bly precluding their use on millions of spectra. Thus, the 
future analysis of spectral data will likely occur at several 
levels. When large amounts of data are involved, only simple 
analyses can be practically done, like correlation of a particu- 
lar mineral with the ratio of data at two different wavelengths. 
A next level effort might be a search for a particular absorp- 
tion feature and a derivation of its depth. In some cases, an 
empirical trend in several parameters derived from laboratory 
studies might be applied to the data. In the most detailed anal- 
ysis, a sophisticated scattering analysis might be applied. The 
degree of accuracy desired in the resulting analysis, and the 
amount of data to process, will most likely drive the selection 
of methods to be used. 

Although the number of theories for the scattering within a 
particulate surface and their accuracy appear to be increasing, 
there will always be a need for laboratory studies to verify, 
refine, and extend the theories. Since, in most studies, the goal 
is to determine the composition and physical properties of the 
surface, the understanding of how photons are scattered from 
a particulate surface is essential, whatever the analysis method 
used. In the empirical case, this understanding might be the 
derivation of absorption band depth as a function of grain 
size. In the scattering theory case, it might be the determina- 
tion of grain size and complex refractive index. 

It should be noted that scattering theories are often pre- 
sented in terms of deriving the absorption coefficient (related 
to the complex refractive index) of the surface material. Once 
the absorption coefficient as a function of wavelength has 
been found, the material may be identified by comparison 
with known mineral absorption data. This is not necessary, for 
absorption features in reflectance are at the same wavelengths 
as in absorbance (with some qualifications due to scattering 
effects), and the same unique identifications can be made. 
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Fig. 1. The absolute bidirectional reflectance spectra of three differ- 
ent sizes of H20 frost (data points) derived from Clark [1981a]. Curve 
a; fine-grained frost; b; medium-grained frost; and c' coarse-grained 
frost. Curve d is the K-M theory prediction of the fine grain size frost 
spectrum from the medium grain size data. Curve e is the K-M predic- 
tion of the coarse grain size frost spectrum from the medium grain size 
data. 

However, in reflectance, the scattering of light in the particu- 
late surface complicates the determination of mineral abun- 
dance. All remotely sensed identifications of minerals on the 
surfaces of the planets and satellites in the solar system have 
been done using spectral data in reflectance, not absorbance. 
The use of a scattering theory is then not primarily for mineral 
identification but to quantify the scattering problem so that 
mineral abundance and the microstructure of the surface 

might be derived. 
New analysis techniques are a natural progression for 

understanding remotely sensed spectra of planetary surfaces, 
and several recent studies have introduced new methods, such 

as fitting Gaussians to absorption features in reflectance spec- 
tra [e.g., Farr eta!., 1980; Clark, 1981 a; Singer, 1981; McCord 
eta!., 1981]. New studies have discussed the methods for par- 
ticular cases but have not addressed the more general problem 
of the implications of the techniques in terms of understand- 
ing the general scattering problem in remote sensing studies. 
Morris e[ al. [1982] and Mendell and Morris [1982] have 
approached the problem from the use of Kubelka-Munk (K- 
M) theory, and suggested that the analysis of reflectance spec- 
tra should be performed using the K-M remission function 
versus photon energy. Hapke [1981] and Hapke and Wells 
[1981] presented an extensive discussion of the theory and 
application of reflectance spectroscopy. Lureroe and Bowell 
[1981] and Goguen [1981] have presented theories similar to 
that of Hapke. Presented here is a discussion of the various 
methods in use and those proposed as they relate to practical 
analysis of reflectance spectra for use in planetary surface 
remote sensing studies. 

KUBELKA-MUNK THEORY 

The Kubelka-Munk (K-M) theory of diffuse reflectance has 
been discussed extensively by Wendlandt and Hecht [1966] and 
Kortum [1969]. It is not our intention to derive the equations 
from first principles but only to present the basic equation and 
discuss its implications and limitations. Wendlandt and Hecht 

[1966] and Kortum [1969] discussed extensively the limitations 
of the theory in general but did not discuss the limitations for 
geologic remote sensing. 

The basic equation from K-M theory relates the remission 
function f(roo) to the diffuse reflectance from an infinitely 
thick medium of isotropic scatterers and is expressed as 

f(roo) = ('• - too): = K (1) 
2roo S 

where roo is the diffuse reflectance, K is an absorption coeffi- 
cient, and S is a scattering coefficient. Hapke [1981] has 
shown that K and S are both related to Fresnel surface scatter- 

ing and the volume absorption coefficient k and are inherently 
inseparable. The main limitations of K-M theory are that (1) it 
does not consider first-order Fresnel reflections; (2) it assumes 
isotropic scattering; and (3) mutual shadowing of particles is 
ignored. Also, for K-M theory to be strictly valid, the bihemi- 
spherical reflectance must be measured. This quantity is never 
measured in remote sensing but can be achieved, theoretically, 
under proper viewing geometry for isotropic scatterers. 
Wendlandt and Hecht [1966] and Kortum [1969] showed that 
as absorption increases, firoo) shows a marked deviation from 
the linear trend (f(roo) proportional to absorption coefficient) 
predicted by K-M theory. Using Wendlandt and Hecht's [1966] 
Figure III-11, firoo) departs from linearity for values greater 
than about 0.1, corresponding to too less than about 0.64. 
Below this value of reflectance, the theory departs from obser- 
vation. Both Wendlandt and Hecht [1966] and Korturn [1969] 
attribute this to the result of increased Fresnel reflection rela- 

tive to the diffuse (higher order) reflection emanating from the 
surface. Wendlandt and Hecht [1966] and Kortum [1969] dis- 
cussed methods which can be used to extend the theory to 
reflectances as low as 0.1, such as mixing the particles under 
study with a high-reflectance (white) material (such as color- 
less ground glass or some of the reflectance standard) to 
increase the multiple scattering. This is not practical in remote 
sensing and in any event can lead to band broadening, disap- 
pearance of vibrational structure, band shifts, and new bands 
[see Wendlandt and Hecht, 1966, and references therein]. 

An additional problem is that the quantity S is not easily 
derived and in practice is not separable from K. Wendlandt 
and Hecht [1966], show that wavelength dependent scattering 
can take the form •-", where • is wavelength and n is a constant 
between 0 and 4 when K-M remission is a function of energy. 
The K-M scattering parameter S, as a function of •. [see 
Wendlandt and Hecht, 1966, Figure III-8], has the form of 

S = a + b1-" (2) 

where a and b are constant and a tends to increase as n 

increases. The parameter n tends to increase as the grain size 
approaches and becomes smaller than •. Thus, in the range of 
validity of K-M theory (roo >• 0.6), the observation of reflec- 
tance increasing toward shorter wavelengths should be subtle. 
Hapke [1981] pointed out that small, submicron particles will 
be highly cohesive, and will tend to stick to the surfaces of 
larger particles or clump together into larger aggregates which 
would effectively appear as large particles with strong internal 
scattering. Thus, n will remain small. Two examples of wave- 
length dependent scattering are seen in the work by Clark 
[1981b, 1983]. Clark [1981b] shows a spectrum of a thin layer 
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of very fine grained frost (•< 1-/•m grain size) which shows 
reflectance decreasing linearly with wavelength. Clark [1983] 
shows a more interesting case where carbon black (grain size 
0.17/•m) is mixed with montmorillonite (grain size •,15/•m). 
Spectra of the pure end-members both show a decreasing 
reflectance toward shorter wavelengths. However, in mixture 
spectra, most notably when the carbon fraction is •,2 wt %, 
there is a significant increase in reflectance toward shorter 
wavelength (these spectra are also discussed later, in the sec- 
tion on continua, and the spectra are shown in Figure 5). In 
this case, the carbon particles are well separated [see Clark 
1983] and appear more like a cloud of carbon particles (since 
the single scattering albedo of the montmorillonite is large), 
and diffraction becomes more important resulting in some 
Rayleigh scattering. In most cases, k" scattering in surfaces is a 
very small effect compared to absorption in geologic material. 

As an example of the problems which can be encountered 
when applying K-M theory, consider the spectra for three dif- 
ferent grain sizes of H20 frost shown in Figure 1 (curves a, b, 
and c). Reflectance spectra of different grain sizes can be com- 
puted from the remission function since S has been shown to 
be approximately in inverse proportion to grain size [see 
Wendlandt and Hecht, 1966, and references therein]. If we 
convert each spectrum to remission as shown in Figure 2a and 
divide the fine- and coarse-grained remission data by that for 
the medium-grained frost, the results should be constants 
describing the ratio of the grain sizes. However, we see in Fig- 
ure 2b that ratios of the remission data are not constants. If we 

compute the mean value for each of the remission data ratios 
and then scale the remission data for the medium grained frost 
by these values, the fine- and coarse-grained frost spectra can 
be calculated by using the scaled remission data. However, 
when we do this we obtain curves d and e in Figure 1, which 
show considerable difference from the measured data. It 

should be pointed out that K-M theory does yield qualitative 
information. This can be seen by considering the predicted 
spectra mentioned above. It is obvious that both predicted 
spectra can be identified a s solid H20 based on the position of 
the absorption features. However, features such as band 
depths and widths differ from actual observations, thus mak- 
ing quantitative analysis of these features error prone (see the 
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Fig. 2a. The K-M remission function of the three H20 frost spectra 
(curves a, b, and c) in Figure 1' fine grains for curve a, medium grains 
for curve b, and coarse grains for curve c. 
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Fig. 2b. The ratio of the remission data for the fine- and coarse- 
grained frost to the medium-grained frost. Curve a is fine/medium, 
and curve b is coarse/medium. The calculated mean value of the ratio 

is about 0.148 for curve a, 6.62 for curve b, and a peak to peak varia- 
tion of about a facter of 5-10. This variation results from the differ- 

ence in the mean optical path length of photons inside and outside an 
absorption feature, thus also varying the scattering. 

section on absorption features modeled as Gaussians for an 
example using this data). 

The ratio of the remission spectra of the same material of 
two different grain sizes should appear like a constant or a 
consta nt plus a ,k" term as in equation (2). The mean values of 
the remission ratios of Figure 2b were calculated to be 6.62 
and 0.148 for the coarse- and fine-grained ratios of the remit- 
tance data of frost relative to the medium-grained frost, 
respectively. However, as seen in Figure 2b, the remission 
ratios show significant variation. This shows that in a particu- 
late surface such as solid H20 , the scattering changes with 
absorption coefficient. Photons will be scattered less in an 
absorption band, because of increased absorption, than out- 
side the band. The mean path length that photons travel in the 
material is wavelength dependent, and an absorption band will 
always be weaker than predicted by the absorption spectrum 
and constant scattering parameter. In other words, the absorp- 
tion feature will always appear slightly saturated. The applica- 
bility of K-M theory is that it converts reflectance over a lim- 
ited range into a quantity proportional to the absorption 
coefficient of the material. 

BIDIRECTIONAL REFLECTANCE THEORIES 

Several recent papers [Hapko, 1981; Goguen, 1981; Lureroe 
and Bowell, 1981] present extensive discussions concerning the 
role of scattering as it relates to reflectance spectroscopy. The 
applicability of these theories is that they model the realistic 
interaction of electromagnetic radiation with a particulate sur- 
face and as such can yield information about surface micro- 
structure as well as individual mineral abundances. All au- 

thors use basic radiative transfer equations to derive scattering 
theories which deal with particulate surfaces. Although these 
theories differ in specific detail, all include variables and 
expressions for specular and diffuse reflectance, phase depen- 
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dent particle scattering, and mutual interparticle shadowing. 
The parameters in these theories are directly related to physi- 
cal properties of the surface such as the density of particles in 
the surface, roughness of the surface viewed by the detector, 
grain size, and the complex index of refraction of the material. 
As an example of one of these scattering equations, consider 
equation (16) of Hapke [ 1981 ]: 

= W /ao {tl + B(g)]P(g)+ H(/ao)H(•)- 1} (3) r(a,,X,•,,,•,g) • •o + • 

where r is the reflectance at wavelength ;t, go is the cosine of 
the angle of incident light, g is the cosine of the angle of emit- 
ted light, g is the phase angle, •v is the average single scattering 
albedo, B(g) is a backscatter function, P(g) is the average sin- 
gle particle phase function, and H is the Chandrasekhar [ 1960] 
H function for isotropic scatterers. This function seems to 
work well for dark surfaces, but when r > 0.9, Hapke's 
approximation of the H functions shows considerable error 
and equation (3) shows deviation from measurements. The 
expressions developed by Lumme and Bowell [1981] and 
Goguen [1981] are similar, and it may turn out that some com- 
bination of these theories would result in a generally accepta- 
ble expression. Laboratory studies [Hapke and Wells, 1981; 
Goguen, 1981] and analysis of planetary data [Lumme and 
Irvine, 1982] using the various theories show encouraging 
results. 

The single scattering albedo, a variable common to all these 
theories, is the probability that a photon survives an interac- 
tion with a single particle and as such includes Fresnel reflec- 
tion, absorption, scattering, and diffraction due to the pres- 
ence of an individual grain. Hapke [1981] developed the 
theory further by deriving a relationship between the single 
scattering albedo, the complex index of refraction, the grain 
size, and a scattering parameter to describe scattering centers 
within nonperfect grains. The single scattering albedo of a 
grain can be found from his equation (24): 

(1 - St)(l - S,) {r, + exp [-2(k(k + s))' :0/31} w = St + (4) 
I - r,S, + (r• - S,) exp [-2(k(k + s))•J-'D/3] 

where St and S, can be computed froiv the complex index of 
refraction [see Hapke, 1981, equation (21)] and are the exter- 
nal and internal scattering coefficients, respectively, s is a scat- 
tering coefficient, D is the particle diameter, k is the absorp- 
tion coefficient (note Hapke uses a instead of k here), and 

REFLECTANCE TYPES 

Reflectance spectra for applications to remote sensing prob- 
lems are typically measured in one of the three following 
forms: directional-hemispherical reflectance (A,, equation 
(40) of Hapke [1981], bidirectional reflectance (r,, formally 
called the bidirectional radiance coefficient by Hapke [1981, 
equation (37)]), and the geometric albedo (p, equation (44) of 
Hapke [1981]). The reader is referred to Hapke [1981] for 
derivation of the equations. None of the above mentioned 
forms of reflectance are always equal to true diffuse reflec- 
tance too (or bihemispherical reflectance to, as defined by 
Hapke [1981, equation (34)]) but are sometimes conditionally 
equal to it. 

The directional-hemispherical reflectance is the ratio of 
power emitted from a surface in all'directions to the irradiance 
of a collimated light source incident from a specific direction. 
A surface of isotropic scatters illuminated at an incidence 
angle i of 60 ø will have the directional-hemispherical reflec- 
tance equal to the bihemispherical reflectance [e.g., Hapke, 
1981 ]. However, the angle of incidence i or emission e of com- 
mercial spectrometers that use an integrating sphere is typi- 
cally 0 ø [e.g., Adams, 1975]. 

The bidirectional radiance coefficient (nearly always called 
bidirectional reflectance) is the brightness of a surface relative 
to the brightness of a Lambert surface identically illuminated. 
Most remote sensing data of small areas of a planetary surface 
are of this type: the sun illuminates the surface with an angle 
of incidence i from the surface normal and the surface is 

viewed (e.g., from a spacecraft or telescope) at the angle of 
emission e, and phase angle g between the sun, surface, and 
viewer. All the work done at the Planetary Geosciences Div- 
ision, UniVersity of Hawaii laboratory is of this type [e.g., 
Clark, 1981 a, b, 1983; Singer, 1981]. Other studies that mea- 
sured bidirectional reflectance are those by Hunt and col- 
leagues [see Hunt and Salisbury, 1976, and references therein] 
and Pieters [ 1983]. 

Hapke [1981] showed that the bidirectional radiance coeffi- 
cient is formally equal to the bihemispherical reflectance for a 
surface of isotropic scattering particles when i = e = 60 ø and 
g is large enough that the opposition effect is neglegible 
(B(g) • 0). 

The geometric albedo is the ratio of the brightness of the 
integral hemispherical disk of a planet to the brightness of a 
flat Lambert disk viewed normally at zero phase. In the case 
of isotropic scatterers and ignoring the opposition effect, 

I - [k/(k + s)l': 
r, = (5) 

I + [k/(k + s)l' -' 

roo r•o 
p- •-+•- (6) 

The importance of equation (4) can be illustrated by consider- 
ing that w can be derived by reflectance measurements over a 
variety of phase angles. In a monomineralic surface, w = w. 
For a multimineralic surface, w can be computed from equa- 
tion (17) of Hapke [1981]. This is further discussed below in 
the quantitative analysis section. Assuming that the number 
and types of minerals can be identified solely by their charac- 
teristic absorption features, equation (4) has the potential for 
determining individual mineral abundance and grain size. 
Thus, from a geologic perspective, knowing the types, abun- 
dance, and size distribution of minerals allows us to address 
what geologic processes have been active on the surface. 

where p is the geometric albedo [Hapke, 1981 ]. Other authors 
have derived equally simple equations relating a reflectance to 
geometric albedo [e.g., Veverka eta!., 1978]. 

The determination of the correct reflectance level of a 

remotely obtained spectrum is often difficult. A reflectance 
standard is usually not available on the surface, especially for 
data obtained from aircraft, spacecraft, or of other planets 
through telescopes. Thus, the reflectance level is derived from 
the flux levels received by the instrument, a knowledge of the 
area viewed, and the incident solar flux. Sometimes in astron- 
omy (a small asteroid, for example), the size of the area 
viewed is not known because the object is a point source in the 
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telescope, and the object size is poorly known, if at all. The 
reflectance level is often in error by a multiplicative factor of 
10% or more due to these calibration problems [e.g., see 
I/everka, 1977]. This uncertainty further invalidates the use of 
K-M theory because of the nonlinear nature of the remission 
function. This calibration difficulty has led to a common prac- 
tice of scaling the remotely sensed reflectance spectrum to 
unity at some wavelength. 

MEAN OPTICAL PATH LENGTH 

The distance x that a photon travels in a material with 
absorption coefficient k is related to the probability that the 
photon will not be absorbed. In other words, light is atte- 
nuated according to Beers law: 

I = Le -•' (7) 

where Io is the initial intensity and I is the attenuated intensity. 
When a boundary is encountered where there is a change in the 
index" of refraction, the light will be reflected and refracted. 
Thus, all photons do not travel the exact same path after en- 
countering a boundary. 

As an example, consider a plane parallel slab with a thick- 
ness d and an index of refraction n in a vacuum with parallel 
light normally incident on the slab face. At the two bounda- 
ries, the light reflected, C•, is given by Fresnel's formulas [see 
Wendlandt and Hecht, 1966]. It can be shown that the trans- 
mitted light is 

I(k) = (1 - C•):Io •' C}'e 
i=0 

(1 - C,•)-' e 
= Io 1 - C•e- -'•" (8) 

Since some light is reflected at each boundary, some light 
travels a distance d, 3d, 5d, or more. Thus the average dis- 
tance traveled by photons in the medium is greater than d. We 
define this average distance to be the mean optical path length 
(mopl). If we define d to be the mean optical path in the slab, 
then the light absorbed is 

1 - e -•a = •l(k = O) - I(k)-•/I(k = O) (9) 

Solving for the mean optical path length from equations (8) 
and (9), we find 

(10) 

For a material such as common glass with C• = 0.04 and k 
very small, d = 1.0032d. 

in a particulate surface, the light usually encounters many 
index of refraction boundaries so that tracing the photon 
paths is quite complex. Since scattering in the surface only 
redirects photons and it is the passage through the various 
materials that cause the absorption, there is a mean path 
length •which can be used to describe the absorption process 

where r is any type of reflectance of the surface scaled to unity 
in the case of no absorption (e.g., nonisotropic scattering and 
no absorption could result in nonunity bidirectional reflec- 
tance). Equation (11) implies that one can easily obtain the 
absorption coefficient with simple mathematical manipulation 
if the path length is known. The "apparent absorbance" [Kor- 
turn, 1969] is 

A,, = -In (r) (12) 

and implies that with equation (11), A,, is proportional to the 
absorption coefficient k. However, this is not exactly the case, 
since the mopl can vary considerably and depends on k [e.g., 
see Pieters, 1983]. 

An expression for the mean optical path in a particulate sur- 
face can be derived using the reflectance theory of Hapke 
[1981]. Using equations (3) and (11) 

[=---11nlr(W,l,t%,t•,g)/r(W= 1.0, l, tao,/•,g) 1 k 
(13) 

Using the approximation of Hapke [ 1981 ] for the H function, 

l+2bt 

H(•',kO = 1 + 2 •/ (1- •) (14) 
equation (13) becomes for an isotropic case, P(g) = 1.0, and 
letting B(g) = 0.0, 

-1 

[= • {In .'- In [1 q- 2ta •/(1 - *)] -In [1 q- 2t% •/(1 - •)]} (15) 

The single scattering albedo w can be computed using equa- 
tion (4) but Hapke [1981] showed equation (4) can be approx- 
imated by 

• = (l + 2kD)-' (16) 

Using the approximation In(1 + x) = x, when kD is small, and 
substituting equation (16) for w, equation (15) becomes 

[= 2D + 2(/a + •o) V' 2D, (17) 
V' k(1 + 2kD) 

Hapke [1981] has shown that equation (16) is valid over the 
same rang e as K-M theory. Since kD is usually small (Hapke 
cites a reflectance of ,,o0.06 when kD = 1.5• thex/1 + 2kD 
term is nearly constant. Then, when the grains are optically 
thin (k < D and kD < 1),/is essentiallY inversely proportional 
to the square root of the absorption coefficient. 

The mean optical path in a single grain is 

[' = -11n(W) (18) 
k • 

since the single scattering albedo represents all the light that 
encounters a particle and is not absorbed. The mean number 
of particles encountered by photons in the surface is given by 

In r 
r = e --•,T (11) rn - (19) 

In W 
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Fig. 3a. Laboratory spectra of water ice of three different grain sizes 
(points) in the near infrared from Clark [1981a] are compared to theo- 
retical computations (lines) using the complex index of refraction for 
water ice [Irvine and Pollack, 1968] and equations (15), (16), (22), and 
(23). Reasonable matches of theoretical spectra were for grain sizes of 
5 •m (curve a), 30 •m (curve b), and 150 •m (curve c). The general 
agreement is encouraging; however, some differences are noted in the 
text as probably being due to errors in the ice absorption coefficients. 
At the top of the figure is the mean optical path length as a function of 
wavelength for each grain size, curve d is 5 •m, curve e is 30 •m, and 
curve f is 150 •m. It is seen that the more the material absorbs light, 
the less the photons travel in the particulate surface. The log mean 
optical path spectrum mimics the reflectance spectrum. 

The mopl of a particulate surface can also be expressed as 

[= mr' (20) 

In the case where the grain is optically thin, it can be shown, 
using equations (16) and (18), that 

/"• 2D (21) 

then the mopl, • is 2reD. Since the mopl is approximately 
inversely proportional to the true absorbance (or absorption 
coefficient), we see from equations (11) and (12) that the 
apparent absorbance is approximately proportional to the 
square root of the absorption coefficient. 

Equation (11) is the reflectance relative to the reflectance of 
a surface with the same scattering conditions but no absorp- 
tion. However, this equation does not include first-order 
Fresnel reflection from crystal surfaces. This can be simplisti- 
cally modeled by the equation 

r = (e -kr+ s,) / (1.0 + s,) (22) 

where & is the first-order Fresnel reflection, which in the 
bidirectional reflectance case at low phase angles is 

(n - 1)2 + (ki)2 
s/= (23) 

(n + 1): + (k)•)-' 
4n 

where n is the real part of the index of refraction and k is the 
absorption coefficient. 

An example computation, using the above theory is illustra- 
ted by using the complex index of refraction data for water ice 
from Irvine and Pollack [1968], and equations (15), (16), (22), 
and (23). Results are shown in Figure 3a compared with labo- 
ratory data. The agreement is reasonable except for a couple 
of areas which appear to be due to errors in the absorption 
coefficient data. For example, the peak at 1.85 /•m appears 
inconsistent with both diffuse reflectance spectra [e.g., Clark, 
1981a] and transmission spectra of ice [e.g., Ockman, 1957]. 
Similarly, the step in the 2-/•m absorption feature near 2.1/•m 
also is inconsistent since the absorption appears symmetric in 
laboratory spectra. The photon mean optical path for each 
grain size for this spectral region is shown in Figure 3a top, 
and the decrease in the path in an absorption feature is nicely 
illustrated. 

Using the measured reflectance of the medium-grained 
frost, a grain size of 30/•m, and index of refraction data from 
Irvine and Pollack [1968], the absorption coefficient was 
determined by an iterative process using equations (15), (16), 
(22), and (23). The derived absorption coefficient is compared 
to the Irvine and Pollack [1968] absorption coefficient for 
solid H_,O in Figure 3b. In order to compare the spectra pre- 
dicted by both K-M and the method outlined above, the 
derived absorption coefficient of the medium-grained frost 
was used to calculate the reflectance spectrum of the fine- and 
coarse-grained frost using the grain sizes determined for Fig- 
ure 3a. The calculated spectra are compared to measured data 
in Figure 3c. The predicted spectra were divided by the mea- 
sured data, and these ratios are plotted in Figure 3d. Both 
plots illustrate that the scattering theory approach outlined 
above result in better prediction of measured reflectance than 
K-M theory. However, in regions of strong absorption the 
scattering theory predictions also show variations from 
measured data. This difference is at least partly due to the 
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Fig. 3b. Irvine and Pollack [1968] water ice absorption coefficient 
data (points) and derived absorption coefficient of the 30 •m grain 
sized frost (line) are compared. 
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approximation of equation (16) and can be reduced by using 
equation (4) to determine w (the quantitative analysis section 
further explores this point). 

The photon mean optical path should not be confused with 
the mean penetrated layer thickness (mplt). The mopl is the 
mean distance traveled in a random walk, while the mplt is a 
perpendicular linear distance from the surface that photons 
penetrate and is considerably less than the mopl. The mplt is 
also dependent on the single scattering albedo of the grains. If 
we consider the scattering to be isotropic and the distance 
between grains is d,, then a photon will be scattered, on the 
average, a distance (n/4)d, in the upward or downward direc- 
tion in the surface. The mean distance that photons penetrate 
into the surface is easily computed from a one-dimensional 
random walk problem. If, on the average, photons are scat- 
tered m times before leaving the surface (see equation (19)), 
then it takes m?2 scatterings to reach the mplt point, and the 
thickness penetrated, ! .... is 

= r• d, V m (24) 
Note that this thickness is the 1/e depth and that an optically 
thick layer should be several times this thick. 

ABSORPTION FEATURES MODELED AS GAUSSIANS 

Since absorption features are usually considered to be Gaus- 
sian-like when analyzed as absorption coefficient versus pho- 
ton energy [e.g., Smith and Strens, 1976], we need to know the 
implications for spectral analysis in apparent absorbance. An 
absorption can be modeled with a Gaussian of the form 

G(O,w,G,,,O,,)=G,,expI-ln2(O•,0ø)21 (25) 
where Go is the intensity of the Gaussian, Wis the full width at 
half maximum (in frequency units), 0,, is the center frequency, 
and 0 is the frequency of light. 

Since the apparent absorbance is approximately propor- 
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Fig. 3½. Laboratory reflectance data for fine and course grained 
H:O frost (points) are compared with the predicted reflectance using 
derived absorption coefficient of the medium frost and equations (15), 
(16), (22), and (23) (lines). 
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Fig. 3d. Ratio of predicted to measured reflectance of K-M (points) 
and methods presented in this paper (lines) for fine-grained frost (top) 
and coarse-grained frost (bottom) are compared. K-M is less accurate 
than the simplified Hapke [ 1981 ] theory. 

tional to the square root of the absorption coefficient, then the 
apparent absorbance is approximately proportional to the 
square root of the Gaussian: 

A,, crG•[:exp -In 2 • (26) 

Thus, Gaussians in true absorbance are also Gaussians in 

apparent absorbance when the grains are optically thin (k < D 
and kD < 1) except that the Gaussians in apparent absorbance 
have a smaller intensity and a width which is a factor of 5/-2 
larger. Note that in a multimineralic surface, only the mineral 
grains causing the absorption feature need to be optically thin. 

This relationship is also demonstrated with K-M theory. The 
remission function f(roo) is proportional to the absorption 
coefficient. Thus by combining equations (1) and (25) we see 

GoexpI_ln g(O •ifi )'- 1 (1-r•) " cr 2r•o (27) 

From equations (26), (27), and (12), a Gaussian description of 
an absorption feature using K-M theory would predict that 

(1 - r•) 1 2 

2roo cr 5 [ln(r)] (28) 
It is easily shown that the two sides of equation (28) agree to 
better than 2 % of each other within the validity of K-M theory 
(i.e., r•o > 0.6), and the difference corresponds to only a 0.5 % 
error when converted to reflectance, well within the error of 
most reflectance measurements. The relationship presented in 
equation (28) is illustrated by Figures 4b-4e, which were com- 
puted from the hematite reflectance spectrum in Figure 4a. 
Noting A,, = -ln(r) and comparing equation (27) with (28), we 
see that the Gaussian amplitude of K-M theory is one half the 
square of that in apparent absorbance and the Gaussian width 
is • smaller in K-M theory (as r • 1). 

As discussed earlier, there is often a 5-10% error (or more) 
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Fig. 4. (a) The reflectance spectrum of hematite from Singer [1982]. 
Note that the strong UV absorption does not approach zero below 0.5 
,m. This is due to specular reflection. (b) The K-M remission of the 
hematite spectrum in Figure 4a is compared to (c) the apparent 
absorbance of the hematite spectrum. Both K-M remission and appar- 
ent absorbance suffer from the effects of band saturation caused by 
specular reflection and by differing mean optical path lengths in and 
out of absorption bands. The similarity of (d) the K-M remission func- 
tion to (e) 1/2 the apparent absorbance squared is shown when the 
reflectance is high. 

in deriving the reflectance level in remotely sensed spectra. 
This can lead to analysis problems when using K-M theory and 
a Gaussian absorption feature analysis. If there is a multiplica- 
tive error in too then the width W and the intensity Go of the 
Gaussian changes. However, in apparent absorbance, an error 
in the reflectance is equivalent to a Gaussian plus a constant, 
and there is no width or intensity change. For example, if the 
medium-grained frost spectrum in Figure 1 is multiplied by 
0.9, the 1.04-/•m band intensity in the remission function 
increases by a factor of 1.77, while the band width increases by 
a factor of 1.12 relative to the remission function of the 

unscaled spectrum. 

Morris et al. [1982] and Mendell and Morris [1982] dis- 
cussed the problem of band saturation in reflectance and 
noted that the fitting of Gaussians in reflectance could lead to 
spurious multiple Gaussians fitted to a saturated reflectance 
feature. Morris et al. [1982] incorrectly stated that Gaussian 
fitting to In (r) would also yield spurious multiple Gaussians. 
The above discussion shows mathematically that Gaussians in 
K-M remission space are also Gaussians in apparent absorb- 
ance in the range of validity of K-M theory. 

Fresnel reflection is the one major problem in analysis of 
reflectance spectra shared by both K-M theory and apparent 
absorbance. The reflectance observed from a surface is 

r = r, + r,,, (29) 

where r• is the fraction of reflected light from the first-order 
specular reflection component and r,,, is the light which has 
entered one or more particles and is eventually scattered out of 
the surface. At small phase angles, r• and s• from equation (23) 
are equal. Since r• cannot be separated from r,,, in most cases, 
both apparent absorbance and K-M theory can suffer from 
band saturation. This is seen in Figure 4a for the case of 
hematite where there is obvious band saturation shortward of 

0.5 ,m in the reflectance spectrum which also appears in 
remission (Figure 4b) and apparent absorbance (Figure 4c). 
Since the UV absorption in the hematite is saturated even in 
remission, it is not practical to fit Gaussians to the feature 
such that the wing of the Gaussian defines the continuum of 
the 0.86-/•m absorption feature as proposed mathematically by 
Mendell and Morris [1982]. The band saturation would cause 
problems in defining a unique Gaussian which realistically 
described the absorption feature. In practice, other smooth 
curves, such as a polynomial, would be indistinguishable from 
a c-.• .... ;•- over the narrow ....... ......... w av,.,c,,•t,, range. 

Clark [1981a] fit Gaussians to water frost spectra of various 
grain sizes with a size range of over 10. As the 2.02-tam absorp- 
tion increased, the band saturation effect became obvious in 

reflectance. However, the analysis was performed using In (r) 
versus energy, and no additional Gaussians were needed to 
characterize the feature as the band grew. Band saturation 
could have become a problem if stronger bands were analyzed. 

THE CONTINUUM PROBLEM 

An apparent continuum is a mathematical function used to 
isolate a particular absorption feature for analysis of a spec- 
trum [e.g., see Clark, 1981, 1983' McCord eta!., 1981' Singer, 
1981]. As such, it represents the absorption due to a different 
process in a specific mineral or possibly absorption from a dif- 
ferent mineral in a multimineralic surface. 

An example of continuum use is shown in Figure 5 with 
montmorillonite-carbon black mixtures. Montmorillonite has 

absorption features due to chemically and physically absorbed 
H20 at 2.8, 2.2, 1.9, and 1.4 •m and other absorptions such as 
a charge transfer whose wing extends from the visible to past 1 
•m. If only the 1.4-, 1.9-, and 2.2-•m absorptions are to be 
analyzed, then the effects of the other features must be 
removed from the analysis. This is typically done by estimat- 
ing the absorptions from the other processes by a suitable 
function (straight-line segments, polynomial, a Gaussian, 
etc.). The continua shown in Figure 5 are cubic splines, 
although straight-line segments would produce nearly the 
same result in this case. 
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The continua can be modeled using the mean optical path 
length through different materials or separated into different 
absorption processes using the equation 

e-(C •-) -= exp -5' k, 
l_ i=1 

(30) 

where œ and [ are the equivalent absorption coefficient and 
mopl, respectively, for the surface as a whole, k, is the absorp- 
tion coefficient of the ith material having a mopl l, for a 
multimineralic surface in an intimate mixture. Also, k, may 
represent the absorption coefficient for a particular absorp- 
tion process and having a particular mopl, l,. Thus, the 
removal of a continuum for a particular spectrum should be 
done as a division if the spectrum is in reflectance or as a sub- 
traction in apparent absorbance (many examples of contin- 
uum removal can be found in the references in the first para- 
graph of this section). 

The continuum removal for the montmorillonite plus car- 
bon black mixtures can be expressed as 

r0.) = e(-a',r•)e(-a2•2)e (-a,z,) (31) 

where the k, and/, are a function of wavelength •.. If k•l• repre- 
sents the absorption (in terms of optical depth) due to the 
adsorbed H20 in the montmorillonite, k2/2 the absorption due 
to other processes in the montmorillonite, and k,l, represents 
the absorption due to the carbon black, then to remove the 
absorption effects of all but those for H20, a continuum 
representing e•-•2•2•e•-•,• must be ratioed with the reflectance 
spectrum, or subtracted from the apparent absorbance spec- 
trum. The resulting absorptions retain their original function. 
For example, if the absorption is a Gaussian in the apparent 
absorbance presentation, it is still a Gaussian in a continuum 
removed presentation (if k, < D, and k,D, < 1). Removal of a 
continuum by dividing it into the reflectance spectrum is not 
valid for analysis in K-M remission since after continuum 
removal, the data are no longer bihemispherical reflectance. 
Continuum removal by subtraction from K-M remission data 
is valid, however. 

There is another important reason for the use of a contin- 
uum in analysis of reflectance spectra. There may be wave- 
length dependent scattering which imparts a slope to the spec- 
trum (discussed by Wendlandt and Hecht [1966] and Morris et 
al. [1982]) which causes apparent shifts in the band minimum. 
Also, in multimineralic surfaces, one component may impart a 
significant slope to the spectrum (e.g., lunar soils [see McCord 
et al., 1981]). In the case of lunar soils, there are pyroxene 
absorptions at 1 and 2 tam superimposed on a very red slope 
(reflectance increasing toward longer wavelengths). Usually 
this red slope is so great and the pyroxene absorptions so weak 
that there exists no minima in the reflectance [e.g., see 
McCord et al., 1981]. Clearly, a continuum must be used to 
analyze the absorption features. As the continuum slope 
increases, the apparent band minimum (not the true band cen- 
ter) will shift to shorter wavelengths for a red slope and to 
longer wavelengths for a blue slope. However, removal of the 
continuum slope will correct the band minimum to that of the 
true band center. 

The definition of a continuum also provides a more consis- 
tent definition of band depth. The band depth D. is defined as 
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Fig. $. The spectra of pure montmorillonite (top) and mixtures of 
montmorillonitc plus carbon black (0.$ wt % carbon black, middle; 
2.0 wt % carbon black, bottom) from C/ark [1983] arc shown with 
example continua for the purpose of analyzing the bound water 
absorptions in the montmorillonite. The continua represent the 
absorption due to all processes except of water in the montmorillonite. 
The continuum should be removed from the reflectance spectrum by 
division (reflectance/continuum) or subtracted from the apparent 
absorbance (-In reflectance). 

D. = Rc- RB (32) 
Rc 

where R. is the reflectance at the band center and Rc is the 
reflectance of the continuum at the band center. Morris et al. 

[1982] presented an alternative definition of band depth 
(which we will label D,) which is equal to the reflectance of 
the continuum minus the reflectance of the spectrum. If there 
is a multiplicative error in the reflectance level, there is a corre- 
sponding error in the band depth D•t. The band depth should 
imply the amount of light absorbed. Consider the hypothetical 
case where the general reflectance level is 20% (continuum = 
0.2), but there exists a wavelength where all light is absorbed 
(reflectance - 0.0); then D. = 1.0, but D•t = 0.2. In this case, 
D•t implies that 20% of the light due to the absorption feature 
is absorbed, whereas all the light has been absorbed. Clearly, 
D• is a more realistic description of the situation. Examples of 
D, applications can be found in the work by Clark [1981a, 
1983]. 

A variation of the D•t band depth method has been applied 
to normalized spectra. For example, Charette et al. [1976] fit a 
continuum representative of iron absorption to laboratory 
spectra of lunar soils which had been scaled to unity at 0.56 
tam. The continuum was then subtracted, and a Gaussian was 
fit to the remaining spectrum. Since the lunar soil spectra 
increase in reflectance at longer wavelengths, the continuum 
values at 1 tam ranged from about 1.3 to over !.6. If all the 
light at 1 tam were absorbed, the band depths computed using 
D.•t would be greater than 100%. In fact, if the continuum 
reflectance were 1.6 at the band center and the reflectance of 

the spectrum were 0.6, the D•t would be 100%, while Do would 
be only 62.5 %. Thus, any band depth value can be obtained 
by scaling the spectrum and using the D• computation. 

QUANTITATIVE ANALYSIS USING SCATTERING THEORY 

The new scattering theories by Hapke [1981], Lureroe and 
Bowell [1981], and Goguen [1981] provide the potential for 
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Fig. 6a. Laboratory reflectance spectrum of coarse-grained frost 
(points) is compared to a calculated reflectance spectrum (line) apply- 
ing the full Hapke [1981] theory with ice grains of three different sizes 
as outlines in the text. 

quantitative inversion of a reflectance spectrum of a multi- 
mineralic surface to actual mineral abundance. As stated ear- 

lier, most presentations of such theories are in terms of deriv- 
ing absorption coefficient from laboratory reflectance data, 
given the grain size of the material present [e.g., Hapke and 
Wells, 1981]. From the above theories, one usually solves for 
the single scattering albedo, the single particle phase function, 
and a compaction parameter. 

By observing the surface for different viewing conditions, •v 
can be derived from basic reflectance equations, such as equa- 
tion (3). From equation (17) of Hapke [1981], the average sin- 
gle scattering albedo of a homogeneous, multicomponent sur- 
face can be found at each wavelength from 

(33) 

where i refers to the ith component, M, is the mass fraction, 0, 
is the density of the material, D, the mean grain diameter, and 
w, the single scattering albedo of the ith component. 

The single scattering albedo of a grain can be found from 
equation (4), and once it has been computed, there are six 
unknowns; k,, n,, s,, D,, M,, and 0,, per ith component in the 
surface at one wavelength. Only k is a strong function of 
wavelength. The index of refraction varies a small amount 
with wavelength, and s might tend to increase slightly toward 
shorter wavelengths. Assuming that n and s are constant and 
that there are z wavelengths and j components, we have z 
equations for the average single scattering albedo a, and [(z + 
5)j)] - 1 unknowns. If all these are actually unknown for a 
surface of only one component, then the best that one can 
hope to do is solve for the product kD assuming n, s, and 0. 

As stated in the introduction, the materials are not identi- 
fied from the absorption coefficient but from absorption fea- 
tures in the reflectance spectrum. If a material cannot be iden- 
tified from its reflectance spectrum (e.g., no observable 
features), any conversion to absorbance will not produce addi- 
tional features or increase the probability of identification. 
Thus, if the materials can be identified, then the densities and 
complex indices of refraction are known or can be measured 
with suitable samples. The problem is then reduced to z equa- 

tions and 3j unknowns (s,, D,, and M,). The mass fractions M, 
of the individual components can be solved for using a nonlin- 
ear least squares technique. 

In reality, particulate surfaces of even one material consist 
of a range of grain sizes. Such a case can be modeled using 
equations (4) and (33) where each component is the same 
material but of varying grain sizes. As an example of this 
application, three grain sizes (20, 100, and 1000 /•m with 
weight fractions of 2, 8, and 90%, repectively) were used to 
predict the coarse-grained frost reflectance spectra with the 
full Hapke [1981] theory (equation (3), assuming isotropic 
scattering), and the results are shown in Figure 6a. This is not 
a least squares fit, only a hand-chosen example. A ratio of pre- 
dicted to real reflectance is shown in Figure 6b. The ratio illus- 
trates the advantage of using the full theory, since the agree- 
ment with the observed spectrum is much closer than the more 
simplified approach discussed earlier and illustrated in Figure 
3c and 3d. 

Goguen [1981] has demonstrated the feasibility of the inver- 
sion concept by deriving the least squares solution to abun- 
dance of an MgO-charcoal mixture using one wavelength and 
many viewing geometries to solve the scattering problem. 
Goguen's example was limited in that the end-member scatter- 
ing parameters were known and used in the mixture calcula- 
tions. Johnson.et al. [1983] applied a version of Hapke's the- 
ory to calculate reflectance spectra of mineral mixtures given 
the end-member spectra and noted that the procedure might 
be used to deconvolve abundances of the components in a 
spectrum of mineral mixtures if the grain size of each compo- 
nent and a spectrum of each of the end-members were known. 
The inversion idea is presented here since it is the first general 
mathematical presentation we are aware of which illustrates 
that mineral abundances may be derived from spectra of min- 
eral mixtures when only the identity of the components are 
known. The accuracy of the resulting mass fractions are 
unknown, and it will take considerable testing by many inves- 
tigators to explore the problem. 

CONCLUSIONS 

Kubelka-Munk (K-M) theory is limited for use in remote 
sensing applications, and many of the pitfalls of K-M theory 
can be avoided by working with apparent absorbance. The 
apparent absorbance has been related mathematically to trans- 
mission spectroscopy parameters, such that Gaussian features 
when plotted as absorption coefficient versus energy are also 
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Fig. 6b. Ratio of predicted to measured reflectance of the two spec- 
tra in Figure 6a. Note that Figure 3d bottom is plotted on the same 
scale so that a full Hapke application is in considerably better agree- 
ment with the measured data. 
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Gaussian features in apparent absorbance versus energy but 
have a different amplitude and width. 

An apparent continuum is a mathematical function used to 
isolate a particular absorption feature for analysis of a spec- 
trum. It represents the absorption due to a different process in 
a specific mineral or possibly absorption from a different min- 
eral in a multimineralic surface. Continua representing ab- 

sorption processes not of interest may be removed to isolate 
individual absorption processes for quantitative analysis. A 
continuum should be removed by dividing •t into the reflec- 
tance spectrum or subtracting it from the apparent absorb- 
ance. 

The recently introduced scattering theories are applicable 
over a wider range of geologically important material than K- 
M theory. There is potential for deriving individual mineral 
abundances in a particulate surface from the scattering the- 
ories by using reflectance spectra obtained over a range of 
viewing geometries. In our efforts to test the equations of 
Hapke [1981] we were frustrated in not being able to find ade- 
quate data on the complex index of refraction for cosmo- 
chemically common minerals. Water ice was one exception. To 
our knowledge, most minerals have only had the index of 
refraction measured in the visible. Most geologic materials are 
optically anisotropic with variations in absorption coefficient 
along crystal axes of more than a factor of 10 [e.g., Burns, 
1970]. However, even given such data (absorption coefficient 
along each crystal axis), the average absorption coefficient 
seen by photons in a particulate surface is not clearly deter- 
mined because the mean optical path along each axis is differ- 
ent. However, by measuring a series of spectra of one material 
of different grain sizes and accurately determining the grain 
size distribution for each sample (e.g., by scanning electron 
microscope), a nonlinear least squares solution can be ob- 
tained giving both the real index of refraction and the absorp- 
tion coefficient as a function of wavelength. Such analyses 
need to be performed for many minerals so that the data may 
be used in subsequent quantitative remote sensing studies. 

Although the equations in the Hapke [1981] reflectance the- 
ory appear complex, especially compared to K-M theory and 
the remission function, the quantitative analysis possibilities 
are much more sophisticated than with K-M theory. The 
Hapke equations are straightforward to program on modern 
computers, and the brute force example of the derivation of 
the ice absorption coefficient in Figure 3b took only a fraction 
of a second per point on a Digital Equipment Corp. VAX 
11/750 computer. For each point in that computation, the 
reflectance was computed by adjusting a change in the index 
of refraction by a factor of 2 until agreement with the reflec- 
tance was obtained to an accuracy of 0.0001. About 10-20 
such computations were typically needed for convergence. 
This shows that rapid computations are feasible on large data 
sets such as might be obtained by mapping reflectance spec- 
trometers with potential for mapping mineral abundance. 

NOTATION 

a aconstant. 

A, directional-hemispherical reflectance. 
A/, apparent absorbance. 

b aconstant. 

B(g) backscatter function which describes the opposition 
effect. 

C• light reflected at an index of refraction boundary. 

d thickness of a plane parallel slab. 
• mean optical path of a photon in a slab. 
d, average distance between grains. 
D particle diameter. 

D, band depth. 
D• alternative definition of band depth. 

e angle of emission. 
firm) Kubelka-Munk remission function. 

g phase angle. 
G Gaussian function. 

G,, intensity of the Gaussian function at center frequency. 
H(/a) Chandrasekhar H function appearing in the reflec- 

tance equation. 
i angle of incidence; also subscript denoting the ith type 

of particle' also subscript in summation notation. 
I attenuated specific intensity. 

I,, initial specific intensity. 
k volume absorption coefficient inside particle. 
/• average volume absorption coefficient of a multicom- 

ponent surface. 
K average absorption coefficient of the medium. 
[ mean optical path of a photon in a particulate surface. 

[' mean optical path in a single grain. 
m mean number of particles encountered by photons of a 

particular wavelength in a surface. 
M bulk density, equal to average mass per unit volume. 
n real part of index of refraction' also used as an integer 

constant. 

p physical or geometrical albedo. 
P(g) average particle phase function. 

r reflectance. 

r• (radiance coefficient) bidirectional reflectance. 
r• fraction of light from first order specular reflection, 

also used as a parameter in equations (4) and (5). 
r,,, fraction of light multiply scattered. 
r,, bihemispherical reflectance for isotropic scatters 

(Kubelka-Munk equation). 
too diffuse reflectance from an infinitely thick surface. 
R, reflectance at the band center. 
Rc reflectance of the continuum at the band center. 

s volume scattering coefficient inside particle. 
& first-order Fresnel reflection. 
S average scattering coefficient of the medium. 
S• average surface scattering coefficient of a particle for 

diffuse light incident externally. 
S• average surface scattering coefficient of a particle for 

diffuse light incident internally. 
t,,, perpendicular thickness penetrated by a photon in a 

surface. 

w single scattering albedo of a particle. 
•, average single scattering albedo for a surface com- 

posed of particles of different types. 
W full width at half maximum of Gaussian function. 

x distance a photon travels in a material. 
,k wavelength. 
/a cos e. 

/ao cos i. 
Q solid density of particle. 
0 frequency of light. 

0o center frequency of absorption. 
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